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Abstract
We argue that the geodesic hypothesis based on auto-parallels of the
Levi-Civita connection may need refinement in theories of gravity
with additional scalar fields. This argument is illustrated with a re-
formulation of the Brans-Dicke theory in terms of a spacetime connec-
tion with torsion determined dynamically in terms of the gradient of
the Brans-Dicke scalar field. The perihelion shift in the orbit of Mer-
cury is calculated on the alternative hypothesis that its worldline is an
auto-parallel of such a connection. If scalar fields couple significantly
to matter and spinless test particles move on such worldlines, current
time keeping methods based on the conventional geodesic hypothesis
may need refinement.
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Einstein’s formulation of interacting classical fields in spacetime with a
preferred geometry and his identification of gravitation as a consequence of
such a geometry is arguably one of the most elegant mathematical descrip-
tions of natural phenomena ever produced. It has had a profound effect
on our understanding of local and global properties of the Universe and it
remains an inspiration in the quest for a unification of all the basic inter-
actions. It remains the paradigm for all successful cosmological models and
the benchmark for all tentative theories of quantum gravity. The appropri-
ate mathematical structure for the formulation of classical gravitation is the
differential geometry of a 4-dimensional manifold with a Lorentzian space-
time structure and a connection on the bundle of linear spacetime frames.
A connection offers a means to compare tensor fields at different events in
spacetime and generalises the familiar calculus of derivatives. Once such a
framework is in place, the physical underpinnings of Einstein’s theory of grav-
itation are surprisingly simple to state. The theory takes as a fundamental
tensor field a symmetric metric tensor g and identifies gravitation with the
spacetime curvature associated with a particular connection ∇(g,0) compati-
ble with this metric. Such a geometry coexists with matter fields according
to the Einstein field equations:
G(g,∇(g,0)) = T (matter fields, g). (1)
Einstein chose a connection that was determined uniquely by the metric and
so the Einstein tensor G here also depends solely on the metric. By contrast
the influence of all other “non-gravitational” fields (conveniently referred to
as matter) on gravity is determined by the structure of the “stress-energy”
tensor T . Not long after these equations were formulated, Cartan[1], Weyl[2],
Schro¨dinger[3] and others noted that more general connections could be con-
sidered and that they offer a means of describing geometrically the interaction
of other fields with gravitation. One such generalisation involves a connection
with a property called torsion by Cartan. Theories formulated in terms of a
metric and a connection with torsion are sometimes called Einstein-Cartan
theories to distinguish them from Einstein’s original formulation in terms of
a geometry with zero torsion [4]. Although it is always possible to rewrite
an Einstein-Cartan formulation in terms of Einstein’s torsion free choice of
connection, the former sometimes offers definite technical advantages when
dealing with spinor fields and the use of a general connection as a dynami-
cal variable along with the metric in variational formulations seems entirely
appropriate.
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In Einstein’s theory the effect of spacetime curvature on matter particles
is recognised as a gravitational force and it is commonly assumed that ide-
alised massive spinless test particles have spacetime histories that coincide
with time-like geodesics associated with the spacetime metric. Such assump-
tions embody such notions as the “equivalence principle”, the “equality of
inertial and gravitational mass” and the tenets of “special relativity”. In
terms of Einstein’s torsion-free connection compatible with the spacetime
metric such particle histories have self-parallel 4-velocities (tangent vectors)
and may be termed Levi-Civita auto-parallels. Assuming that our Sun gen-
erates an exterior Schwarzshild metric in the vicinity of the planet Mercury,
one may use such hypotheses to calculate the perihelion shift per revolution
of its orbit and compare directly with observation. Despite competing per-
turbations, this prediction is regarded as one of the classical tests of any
theory of gravitation [5] [6]. Further evidence for these hypotheses comes
from observations of the pulse rate of the binary pulsar PSR 1913+16 that
appears to be speeding up due to gravitational radiation [7].
Einstein, Infeld and Hoffmann [8] made valiant attempts to prove the
geodesic hypothesis for test particles from a field theory approach but their
conclusions were not entirely convincing. However, due to its naturalness,
this hypothesis for spinless test particles has almost become elevated to one
of the natural laws of physics [9] and in (pseudo-) Riemannian spacetimes
(where the geometry has zero torsion) it arises convincingly as the lowest
approximation to a multipole expansion of matter distributions in tidal in-
teraction with gravity [10], [11].
However, there are compelling suggestions from astrophysical observa-
tions that gravitational dynamics may require the inclusion of hitherto un-
detected fields of either gravitational or matter origin. On the theoretical
side modern “low energy effective string theories” are replete with scalar
fields and most unified theories of the strong and electroweak interactions
predict such fields with astrophysical implications [12].
In 1961 Brans and Dicke [13] suggested a modification of Einsteinian
gravitation by introducing a single additional scalar field with particular
gravitational couplings to matter via the spacetime metric. They gave cogent
arguments suggesting that the experimental detection of such a new scalar
component to gravitation might have been overlooked in traditional tests of
gravitational theories. Their theory is arguably the simplest modification
to Einstein’s original description and in this note we suggest that efforts
to detect the effects of scalar gravitational interactions with test particles
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of matter may have overlooked a possibility that has new experimentally
detectable implications.
Brans and Dicke [13] originally assumed the motion of a test particle
to be a Levi-Civita auto-parallel associated with the metric derived from
the Brans-Dicke field equations (even though the scalar field could vary in
spacetime). Later Dirac [14] showed that (in a Weyl invariant generalisation)
it was more natural to generate the motion of a test particle from a Weyl
invariant action principle and that such a motion in general differed from a
Brans-Dicke Levi-Civita auto-parallel. Although Dirac was concerned with
the identification of electromagnetism with aspects of Weyl geometry, even
for neutral test particles it turns out that test particles would follow auto-
parallels of a connection with torsion. In Ref. [15] we have shown that the
Brans and Dicke theory can be reformulated as a field theory on a spacetime
with dynamic torsion T determined by the gradient of the Brans-Dicke scalar
field Φ:
T = ea ⊗
dΦ
2Φ
⊗Xa −
dΦ
2Φ
⊗ ea ⊗Xa (2)
in any coframe {ea} with dual {Xa}. Of course no new physics of the fields
can arise from such a reformulation. However, the behaviour of spinless
particles in such a geometry with torsion depends a priori on the choice made
from two possible alternatives. One may assert that their histories are either
geodesics associated with auto-parallels of the Levi-Civita connection or the
auto-parallels of the non-Riemannian connection with torsion. Since one
may find a spherically symmetric, static vacuum solution to the Brans-Dicke
theory (in either formulation), it is possible to compare these alternatives
for the history of a mass in orbit about a spherically symmetric source of
scalar-tensor gravity by regarding it as a spinless test particle as in General
Relativity.
The passage from a dynamic classical theory of fields to a theory involving
fields and particles in general depends on a number of assumptions that are
tantamount to a prescription of a model for such particles and their couplings
to other fields. One such approach can be based on the equations for the
density and velocity of a pressure-less fluid coupled to gravity. A particle is
then modelled as a bundle of integral curves of such a velocity field and its
motion follows as a consistency condition (using Bianchi identities) for the
postulated field equations for gravity and the fluid.
In order to motivate an alternative to the conventional geodesic hypoth-
esis for spinless test particles based on the Levi-Civita connection, it is nec-
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essary to discriminate carefully between alternative formulations of the un-
derlying field descriptions of such a fluid and appreciate the importance of
establishing fiducial coordinates and clocks for the comparison of experimen-
tal data. Any proposed classical field theory of gravitation should determine
a spacetime metric consistent with a weak field Newtonian limit. All ex-
perimental measurements of large scale gravitational phenomena should be
based on the use of clocks that measure (proper) time with respect to such a
spacetime metric. The behaviour of matter is determined by the interaction
of matter fields with gravity. Massive test particles are idealisations that
neglect the influence of the particle on the geometry of spacetime. Their
collisionless motion can be determined either from an action principle or an
equation of motion for their worldlines. Whether such actions or equations
of motion can be derived from the gravitational field equations depends on
the regularisation procedure used to model test particles and the choice of
stress tensor for distributed matter.
In general, gravitational fields can be expressed in terms of different ge-
ometries involving connections that need be neither torsion-free nor com-
patible with the metric. The choice of geometry is one of expediency in
describing gravitational interactions. In many cases gravitational interac-
tions may be conveniently encoded into non-Riemannian connections. In
mathematical terms, the motion of a particle is described by a parametrised
curve and a physical clock is used to fix the parametrisation with respect to
a choice of spacetime metric g. Thus the 4-velocity Vg of the particle obeys
g(Vg, Vg) = −c
2.
One may express the interaction of a test particle with Brans-Dicke grav-
itation (involving a spacetime metric g and a scalar field Φ) in terms of its
equation of motion. In succinct notation our test particle equation of motion
[16] is given as
∇
(g,T )
Vg Vg = 0 (3)
where ∇(g,T ) is a metric compatible connection associated with the metric
g and the torsion T above, and Vg is the velocity 4-vector of the particle
normalised with respect to g. This normalisation implies that time measure-
ments are referred to a clock measuring proper time according to g.
In order to evaluate the motion of the test particle in a static background
geometry one must specify a static solution for g and Φ. In general a fam-
ily of metrics is available and one needs to fix parameters in this family. If
g is asymptotically flat one may take a weak field limit to identify a New-
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tonian potential and Newtonian source mass via Poisson’s equation for the
gravitational field. One may then require that the postulated equation of
motion for the particle yields Newton’s law of motion in the non-relativistic
limit and furthermore maintain the equivalence of gravitational and inertial
mass. Thus a particular system of coordinates is singled out to effect such
identifications and boundary conditions on static solutions. For static spher-
ically symmetric solutions, it is customary to choose coordinates in which
the spacetime metric takes the form
g = −A(r)c2dt⊗ dt+B(r)−1dr ⊗ dr
+r2(dθ ⊗ dθ + sin2 θdφ⊗ dφ) (4)
where A(r) and B(r)−1 tend to 1 for large r. It should be stressed that
the identification of the tensor g with the spacetime metric (determining the
Newtonian potential) is pivotal in this argument.
It is a mathematical fact that any theory written in terms of a geometry
with non-trivial (g, T ) and Φ can be reformulated in terms of a geometry
with either (g, 0) or (Φg, 0). Moreover it is also true that
∇(g,T ) = ∇(g˜,0) −
dΦ
2Φ
(5)
where g˜ = Φg with the choice of T above and both connections metric
compatible (∇(g,T )g = 0,∇(g˜,0)g˜ = 0). This implies that, if
∇
(g,T )
Vg Vg = 0 , g(Vg, Vg) = −c
2, (6)
then
∇
(g˜,0)
Vg˜
Vg˜ = 0 , g˜(Vg˜, Vg˜) = −c
2. (7)
Thus one may map particle motions from one geometry to another. However,
the parametrised auto-parallels in different geometries are strictly different.
According to the above equations, auto-parallels of ∇(g,T ) are parametrised
with proper time according to g while the geodesics of∇(g˜,0) are parametrised
with proper time according to g˜. Since the perihelion rate of a test particle
depends on the proper time used to measure it, the choice of metric is phys-
ically relevant. Furthermore by contrast to (4) one would choose a different
coordinate system to express
g˜ = −A˜(r˜)c2dt⊗ dt+ B˜(r˜)−1dr˜ ⊗ dr˜
+r˜2(dθ ⊗ dθ + sin2 θdφ⊗ dφ) (8)
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in order to fix the parameters in g˜. Since g˜ = Φg then r˜ 6= r. It is interesting
to note that to first post-Newtonian order, the geodesics of g˜ measured by
proper time with respect to g˜ are indistinguishable from those based on the
Schwarzschild metric. However, one readily checks that this is not true for
our equation of motion (6) expressed in terms of the metric g in equation
(4) above. Thus in order to meaningfully compare different proper time
parametrised orbits, both the choice of coordinates and spacetime metric
should be the same.
One may derive the equation of motion (6) in the context of pressure-
less fluid flow (approximating the flow of particles of matter) in a number
ways. The natural choice of matter stress-energy tensor is ρ VG⊗VG for some
function ρ and velocity field VG normalised with respect to some metric G.
In their original formulation with a metric g, Brans and Dicke coupled such
matter so that the Bianchi identities implied that the vector Vg satisfied
∇
(g,0)
Vg Vg = 0 (9)
and conservation of the current ρVg with g(Vg, Vg) = −c
2. In our reformula-
tion of their theory in terms of a spacetime geometry (g, T ) with the torsion
given above [15], their field equations are
ΦG(g,∇(g,T )) =
γ
Φ
T (Φ, g) + ρ Vg ⊗ Vg,
γ
2
△gΦ = −ρ (10)
where γ = 4ω + 6 with Brans-Dicke parameter ω. In this equation T (Φ, g)
is proportional to the canonical stress tensor for a “massless Klein-Gordon”
scalar field Φ. However, one can also rewrite the vacuum Brans-Dicke equa-
tions in terms of the spacetime geometry (g˜ = Φg, 0):
G(g˜,∇(g˜,0)) = γ T (lnΦ, g˜),
γ△g˜ ln Φ = 0 (11)
where quantities with tilde refer to the geometry (g˜, 0).
An alternative way to couple a pressure-less fluid that reduces to the
above in the absence of matter is to postulate the matter coupling with
G(g˜,∇(g˜,0)) = γ T (lnΦ, g˜) + ρˆ Vg˜ ⊗ Vg˜,
γ△g˜ ln Φ = 0 (12)
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where g˜(Vg˜, Vg˜) = −c
2. In this case the Bianchi identities imply conservation
of the current ρˆVg˜ and the equation of motion
∇
(g˜,0)
Vg˜
Vg˜ = 0 (13)
which we have shown above is equivalent to the auto-parallel equation of
motion (6) and distinct from that following from the matter coupling assumed
by Brans-Dicke above. Indeed, in terms of the spacetime geometry (g, T ) the
field equations (12) may be rewritten as
ΦG(g,∇(g,T )) =
γ
Φ
T (Φ, g) + Φ1/2ρˆ Vg ⊗ Vg,
γ△gΦ = 0 (14)
where g(Vg, Vg) = −c
2. As expected the Bianchi identities reproduce the same
matter equation of motion but expressed in the form
∇
(g,T )
Vg Vg = 0. (15)
The solutions of this equation are auto-parallels of ∇(g,T ). They coincide
with the geodesics of (13) (auto-parallels of ∇(g˜,0)). Comparing this with
the equation for the standard Levi-Civita geodesics (9) (auto-parallels of
∇(g,0)), we note that any experiment that depends only on the conformal
metric structure of spacetime cannot distinguish solutions of (15) from (9).
The bending of starlight by the gravitational fields falls into this category.
However, the motion of massive test particles offers a means to test the new
effects of scalar field interactions according to (15). To illustrate the effects
of this equation of motion we have recomputed [16] the classical shift in
the perihelion rate of Mercury’s orbit about the Sun in terms of a static
spherically symmetric solution of the vacuum Brans-Dicke field equations
[13]. Taking into account that the speed of Mercury is non-relativistic and
that its Newtonian orbit is much larger than the Schwarzschild radius rs =
2GM/c2 of the Sun, one finds the perihelion shift per revolution ∆ of the
orbit:
∆ =
3ω + 5
3ω + 6
δω (16)
where δω = 3λωπ and λω = rs/rˆ0. Using the Kepler period Tˆ = 2π(rˆ
3
0/(1− ǫˆ
2)GM)1/2,
the shift δω may be expressed in terms of Tˆ and ǫˆ. This may be compared
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with the result based on the assumption that Mercury’s orbit follows from a
geodesic of the torsion-free Levi-Civita connection. In this case one finds
∆ =
3ω + 4
3ω + 6
δ (17)
where δ = 3λπ (with λ = rs/r0) is the perihelion shift per revolution of the
orbit based on the Schwarzschild solution for the metric in General Relativity
[5].
In conclusion we maintain that in a scalar-tensor theory based on the
Brans-Dicke field equations for a static spherically symmetric spacetime met-
ric g, the perihelion shift of a test particle calculated in the standard coordi-
nates given above according to (4) and (15) differs from the original hypothe-
sis of Brans and Dicke (based on ∇
(g,0)
Vg Vg = 0, g(Vg, Vg) = −c
2) and also from
that based on (7) in coordinates with radius r˜ adapted to the conformally
related metric g˜.
Given the prominent role played by the motion of test particles in many
astrophysical phenomena and the possibility of new gravitational interactions
mediated by scalar fields we feel that, with the enhanced technology now
available to modern space science, the possible relevance of scalar field in-
duced spacetime torsion should not be ignored. Should the departure of spin-
less particles from Levi-Civita geodesic motion be detected in some purely
gravitational environment it would indicate that matter has additional “grav-
itational charge” in addition to its mass and to its electromagnetic, weak and
strong couplings to other fields in nature.
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